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Abstract
A new integral formula, which has not been compiled in any integral tables or mathematical
softwares, is proposed to obtain the analytical energy-angular spectra of the particles that are
sequentially emitted from the discrete energy levels of the residual nuclei in the statistical theory
of light nucleus reaction (STLN). In the cases of the neutron induced light nucleus reactions, the
demonstration of the kinetic energy conservation in the sequential emission processes becomes
straightforward thanks to this new integral formula and it is also helpful to largely reduce the
volume of file-6 in nuclear reaction databases. Furthermore, taking p+9Be reaction at 18 MeV
as an example, this integral formula is extended to calculate the energy-angular spectra of the
sequentially emitted neutrons for proton induced light nucleus reactions in the frame of STLN.
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I. INTRODUCTION
Nuclear reaction database contains recommended cross sections, spectra, angular distri-
butions, fission product yields, photo-atomic and thermal scattering law data. These data
were analyzed by experienced nuclear physicists to produce recommended libraries for one
of the national nuclear data projects. All data are stored in the internationally-adopted
ENDF-6 format maintained by the Cross Section Evaluation Working Group (CSEWG).
File-6, one of the important files of nuclear reaction database, is recommended when the
energy and angular distributions of the emitted particles must be coupled, when it is impor-
tant to give a concurrent description of neutron scattering and particle emission, when so
many reaction channels are open that it is difficult to provide separate reactions, or when
accurate distributions of the charged particle or residual nucleus are required for particle
transport, heat deposition, or radiation damage calculations [1].
However, the evaluated neutron nuclear data of file-6 for 1p-shell light nuclei, such as
6,7Li, 9Be, 10,11B, 12C, 14N and 16O, are not satisfactory in major libraries which were re-
leased recently. These libraries include FENDL-3.0 [2], TENDL-2014 [3], JEFF-3.2 [4],
JENDL-4.0u2 [5], ENDF/B-VII.1 [6], ROSFOND-2010 [7], and so on. The spacings of the
discrete energy levels for 1p-shell light nuclei are so large that all of the sequentially emit-
ted particles can always reach the discrete levels of their residual nuclei with large level
widths. Furthermore, some residual nuclei such as 5He, 5Li, 6He and 8Be, are unstable, thus
the two-body, three-body and double two-body breakup processes arise as the simultane-
ous particle emissions. In addition, because of light mass, the recoil effect of the energy
conservation must be strictly taken into account. Therefore, the proper description of the
double-differential cross sections (or the energy-angular spectra) in light nucleus reactions
is a very complicated problem. There is lack of the appropriate theoretical methods for
reasonably describing these distinguishing features in nuclear reaction databases mentioned
above for both neutron and proton induced light nucleus reactions.
Recently, based on the previous studies [8, 9], a statistical theory of light nucleus re-
actions (STLN) is proposed to set up file-6 for both neutron and proton induced 1p-shell
light nucleus reactions [10]. In the frame of STLN, the contributions from the particles
that are sequentially emitted between the discrete energy levels of the residual nuclei are
very important to the total energy-angular spectra. For straightforwardly and analytically
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describing the energy-angular spectra of the secondary sequentially emitted particles, a new
integral formula is proposed in STLN. This new integral formula has not been compiled in
any integral tables [11–13] or mathematical softwares such as Wolfram Mathematica [14],
Matlab [15], Maple [16], et al.
This paper is organized as follows: In Sec. II, a new integral formula is proposed and
proved. In Sec. III, the applications of the integral formula are introduced to describe the
energy-angular spectra of the secondary sequentially emitted particles for both neutron and
proton induced light nucleus reactions where energy conservation is strictly kept. Finally, a
summary is given in the last section.
II. INTEGRAL FORMULA
Assuming θ is the difference between azimuths (θ1, ϕ1) and (θ2, ϕ2), we have
cos θ = cos θ1 cos θ2 + sin θ1 sin θ2 cos(ϕ1 − ϕ2). (1)
In addition, the (associated) Legendre functions satisfy the following relation [11]
Pl(cos θ) = Pl(cos θ1)Pl(cos θ2) + 2
l∑
m=1
(l −m)!
(l +m)!
Pml (cos θ1)P
m
l (cos θ2) cosm(ϕ1 − ϕ2), (2)
where Pl(x) and P
m
l (x) are the Legendre function and the associated Legendre function,
respectively.
We set t = ϕ1−ϕ2 and integrate t from 0 to pi, the integral formula can be easily derived
as follows ∫ pi
0
Pl(cos θ)dt =
∫ pi
0
dtPl(cos θ1 cos θ2 + sin θ1 sin θ2 cos t)
= piPl(cos θ1)Pl(cos θ2). (3)
Setting η = cos θ1, then Eq. (3) takes the following form∫ pi
0
dtPl(
√
(1− η2) sin2 θ2 cos t+ η cos θ2) = piPl(η)Pl(cos θ2). (4)
Eq. (4), which has not been compiled in any integral tables or mathematical softwares, has
been widely used in STLN. Using this integral formula, we can obtain the analytical energy-
angular spectra of the sequentially emitted particles in the frame of STLN. In addition, it
can also largely reduce the volume of file-6 in nuclear reaction databases.
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III. APPLICATIONS TO LIGHT NUCLEUS REACTIONS
A. Double-differential cross section of the secondary emitted particles and the
energy conservation
For light nucleus reactions, it is assumed that the first residual nucleus M1 is at the
discrete energy level Ek1, after the first particle m1 is emitted from the compound nucleus
MC in the center of mass system (CMS, denoting superscript c). Considering the energy-
momentum conservation in CMS, the definitive kinetic energies of m1 and M1 can be easily
derived as
εcm1 =
M1
MC
(E∗ − B1 − Ek1) (5)
and
EcM1 =
m1
MC
(E∗ − B1 −Ek1). (6)
Where E∗ is the excited energy of MC , and B1 is the binding energy of m1 in MC . For
convenience, all the masses also indicate the corresponding nuclei or particles in text. It is
obvious that there is an approximate relationMC ≈ m1+M1 without lowering the calculated
precision.
The normalized angular distributions of m1 and M1 with definitive kinetic energies can
be standardized in nuclear reaction databases as [1]
dσ
dΩcX
=
∑
l
2l + 1
4pi
f cl (X)Pl(cos θ
c
X). (7)
Here, X = m1 orM1. The Legendre expansion coefficient f
c
l (m1) and f
c
l (M1)(= (−1)
lf cl (m1))
can be derived from the the generilized master equation of the exciton model [17, 18].
Using the non-relativistic triangle relationship of the velocity vectors, the average kinetic
energy of m1 in the laboratory system (LS, denoting superscript l) can be obtained
εlm1 =
∫
1
2
m1(V C + v
c
m1
)2
dσ
dΩcm1
dΩcm1
=
m1m0EL
M2C
+ εcm1 +
2
MC
√
m0m1ELεcm1f
c
1(m1), (8)
where V C and v
c
m1 are the velocity vectors of the mass center and m1 in CMS, respectively.
EL and m0 are the kinetic energy and mass of the incident particle, respectively. Similarly
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as Eq. (8), the average kinetic energy of M1 in LS reads
E
l
M1
=
M1m0EL
M2C
+ EcM1 −
2M1
MC
√
m0ELE
c
M1
M1
f c1(m1). (9)
Thus, it is obvious that the energy conservation in the first particle emission process in
LS can be strictly kept as follows
εlm1 + E
l
M1
+ Ek1 = EL +B0 − B1. (10)
Where, B0 is the binding energy of m0 in MC .
After the first particle m1 is emitted, its residual nucleus M1 at energy level Ek1 and
with recoiling kinetic energy EcM1 in CMS will emit the secondary particle m2 with kinetic
energy εcm2, if the conservations of the energy, angular momentum and parity are met. Thus
the corresponding residual nucleus M2 at energy level Ek2 will also gain the recoiling kinetic
energy EcM2 at arbitrary directions in CMS. In order to analytically describe the kinematics
of the secondary emitted particle, it is assumed thatM1 is static in the recoil nucleus system
(RNS, denoting superscript r), then the definitive kinetic energy of m2 can be expressed as
εrm2 =
M2
M1
(Ek1 −B2 − Ek2). (11)
Similarly, the energy of M2 in RNS can be also obtained
ErM2 =
m2
M1
(Ek1 −B2 − Ek2). (12)
Using the non-relativistic triangle relationship v cm2 = v
c
M1
+ v rm2 as shown in Fig. 1, we
can get [19, 20]
εcm2 = ε
r
m2(1 + 2γ cosΘ + γ
2), (13)
cosΘ =
√
εcm2
εrm2
[cos θcm2 cos θ
c
M1
+ sin θcm2 sin θ
c
M1
cos(ϕcm2 − ϕ
c
M1
)]− γ, (14)
where γ ≡
√
m2EcM1
M1εrm2
. The maximum and minimum kinetic energies of m2 in CMS are given
by the following
εcm2,max = ε
r
m2(1 + γ)
2, εcm2,min = ε
r
m2(1− γ)
2. (15)
5
vrm2
vcM1
r
m2
c
M1
x
zz
c
m2
vcm2
FIG. 1. Triangle relationship of the velocity vectors v cm2 , v
c
M1
and v rm2 in x− z plane.
In the frame of STLN, the double-differential cross section of m2 in RNS is assumed as
the following isotropic distribution with a definitive kinetic energy εrm2, i.e.,
d2σ
dεrm2dΩ
r
m2
=
1
4pi
δ[εcm2 − ε
r
m2
(1 + 2γ cosΘ + γ2)]. (16)
Starting from the basic relation of the double-differential cross sections between CMS
and RNS, the double-differential cross section of m2 in CMS can be obtained through the
corresponding results in RNS averaged by the angular distribution of M1, i.e.,
d2σ
dεcm2dΩ
c
m2
=
∫
dΩcM1
dσ
dΩcM1
√
εcm2
εrm2
d2σ
dεrm2dΩ
r
m2
. (17)
By means of the properties of δ function and Eqs. (7)-(17), the double-differential cross
section of m2 in CMS can be rewritten as [10]
d2σ
dεcm2dΩ
c
m2
=
1
16pi2γεrm2
∑
l
(2l + 1)f cl (M1)
∫ pi
0
dtPl(
√
(1− η2) sin2 θcm2 cos t + η cos θ
c
m2
),
(18)
where η =
√
εrm2
εcm2
εcm2/ε
r
m2
−1+γ2
2γ
. With the new integral formula introduced in Set. II, Eq. (18)
can be simplified as follows
d2σ
dεcm2dΩ
c
m2
=
∑
l
(−1)l
16piγεrm2
(2l + 1)f cl (m1)Pl(η)Pl(cos θ
c
m2
). (19)
It is worth mentioning that Eqs. (18) and (19) are realized only for nuclear reactions
without polarization of incoming nucleons and orientation of target nuclei, which are also the
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constraint conditions of STLN. Therefore, the integral formula Eq. (4) can not be applied
to the reactions with polarization of incoming nucleons and orientation of target nuclei.
The normalized double-differential cross section of the secondary emitted particle m2 is
also standardized in nuclear reaction databases as [1]
d2σ
dεcm2dΩ
c
m2
=
∑
l
2l + 1
4pi
f cl (m2)Pl(cos θ
c
m2
). (20)
By comparing Eqs. (19) and (20), the Legendre expansion coefficients of m2 in CMS can
be expressed as
f cl (m2) =
(−1)l
4γεrm2
f cl (m1)Pl(η). (21)
Similarly as Eq. (21), we can also derive the analytical Legendre expansion coefficients
of M2 in CMS as
f cl (M2) =
(−1)l
4ΓErM2
f cl (m1)Pl(H), (22)
where Γ =
√
M2EcM1
M1ErM2
and H =
√
Er
M2
Ec
M2
Ec
M2
/Er
M2
−1+Γ2
2Γ
.
It is obvious that the Legendre expansion coefficients of m2 and M2 in CMS are closely
related to m1 and M1. Analytical expressions of Eq. (21) and (22) can largely reduce the
volume of file-6 in nuclear reaction databases.
In CMS, the average kinetic energy of m2 can be obtained by averaging its double differ-
ential cross section, i.e.,
εcm2 =
∫ εcm2,max
εc
m2,min
εcm2
d2σ
dεcm2dΩ
c
m2
dεcm2dΩ
c
m2
= εrm2(1 + γ
2). (23)
We also can obtain the average kinetic energy of M2 in CMS in the same way, i.e.,
E
c
M2
= ErM2(1 + Γ
2). (24)
In terms of the non-relativistic triangle relationship of the velocity vectors, the average
kinetic energy of m2 in LS can be obtained
εlm2 =
∫
1
2
m2(V C + v
c
m2
)2
d2σ
dεcm2dΩ
c
m2
dεcm2dΩ
c
m2
=
m0m2EL
M2C
+ εcm2 − 2
m2
MC
√
m0ELE
c
M1
M1
f c1(m1). (25)
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In the same way, the average kinetic energy of M2 in LS can be derived as
E
l
M2
=
m0M2EL
M2C
+ E
c
M2
− 2
M2
MC
√
m0ELE
c
M1
M1
f c1(m1). (26)
Thus, the energy conservation of the initial and final states in the sequential secondary
particle emission processes for the light nucleus reactions can be strictly kept in LS as follows
Eltotal = ε
l
m1 + ε
l
m2 + E
l
M2 + Ek2
= EL +B0 −B1 − B2. (27)
After the first particle emission, the residual nucleus M1 at energy level Ek1 is possible to
spontaneously break up into two smaller particles or nuclei. For example, in neutron induced
7Li reaction [21], the compound nucleus 8Li with excited energy E∗ will emit a triton, and
the corresponding residual nucleus 5He is unstable which can spontaneously break up into
a neutron and an alpha. Specially, there are double two-body breakup processes in light
nucleus reactions. In the case of neutron induced 9Be reaction [22, 23], the compound nucleus
10Be with excited energy E∗ can emit two 5He, and each 5He can spontaneously break up into
a neutron and an alpha. The double-differential cross sections of these reaction processes
can be derived by using the same approach as introduced above. In addition, there are
some reaction processes in which the residual nucleus M2 can either emit the third particle
or break up into smaller particles spontaneously. For example, reaction channels 12C(n,
nα)8Be and 12C(n, 2α)5He, are important channels in neutron induced 12C reaction [24, 25].
These reaction processes are the universal phenomena in neutron or proton induced 1p-
shell light nucleus reactions, which are effected by the emissions of the first and secondary
particles and can be well described by STLN. In other words, the integral formula Eq. (4)
and the Legendre expansion coefficients Eq. (21) of the secondary emitted particlem2 can be
further used to describe these sequential emission processes and multi-particle productions
from spontaneous breakup processes.
B. Applications to nucleon induced light nucleus reactions
For neutron induced 1p-shell light nuclei, such as 6Li [26], 7Li [21], 9Be [22, 23], 10B [27],
11B [20], 12C [19, 25], 14N [28] and 16O [29, 30], the calculated double-differential neutron-
production cross sections agree greatly well with the experimental data. In these reactions, a
8
0 2 4 6 8 10 12 14 16
10-3
10-2
10-1
100
101
102
 
 
Ep=18 MeV
D
D
C
S 
(m
b/
sr
/M
eV
)
neutron outgoing energy (MeV)
9Be(p,pn)8Be p,pn
 Angle=600
 Total spectra
FIG. 2. (Color online) The partial energy-angular spectra of (p, pn)8Be→(p, pn+2α) reaction with
outgoing angle 600 at Ep=18 MeV in LS. The points denote the experimental data taken from Ref.
[31], and the red solid line denotes the calculated total outgoing neutron energy-angular spectra.
The black solid lines denote the partial neutron spectra coming from the 1st-17th excited energy
levels of the first residual nucleus 9Be to the lowest five energy levels of the secondary residual
nucleus 8Be. Only the cross sections with the values larger than 0.1 mb are given.
large part of the contributions to the total energy-angular spectra comes from the secondary
emitted neutrons. Therefore, the integral formula (4) and the Legendre expansion coefficients
Eq. (21) of the secondary emitted particle are very important for the calculations of the
partial energy-angular spectra of the sequential emission processes.
In this section, we will extend the integral formula (4) and the Legendre expansion coef-
ficients Eq. (21) to describe the secondary emitted particles in proton induced light nucleus
reactions [10]. In the case of p+9Be reaction at Ep=18 MeV with outgoing angle 60
0, the
double-differential neutron-production cross sections of the reaction channel (p, pn)8Be→(p,
pn+2α) are shown by these black solid lines in Fig. 2. These black solid lines denote the
contributions of the partial neutron spectra from the 1st-17th excited energy levels of the
first residual nucleus 9Be to the lowest five energy levels of the secondary residual nucleus
8Be, where the conservations of the energy, angular momentum and parity are strictly kept.
In Fig. 3, the black solid lines denote the partial neutron spectra from the reaction channel
(p, pα)5He→(p, pα+nα). The contributions of these partial neutron spectra come from
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the 4th-17th excited energy levels of the first residual nucleus 9Be to the lowest two en-
ergy levels of the secondary residual nucleus 5He, which can spontaneously break up into
a neutron and an alpha. And the blue dash lines denote the partial neutron spectra from
the reaction channel (p, 5He)5Li→(p, nα+pα). However, the contributions of these partial
neutron spectra come from the ground state and the 1st excited energy level of 5He, which
is regarded as the first residual nucleus.
Besides three sequential multi-particle emission reaction channels as shown in Figs. 2 and
3, another important reaction channel is the first neutron emission, i.e., (p, n)9B reaction
channel as shown in Fig. 4. The contributions of the first emitted neutron, of which
broadening effects must be taken into account [19], come from the ground state to 9th excited
energy levels of 9B. Summing up all of outgoing neutron partial energy-angular spectra (black
solid and blue dash lines in Figs. 2-4), we can obtain the total outgoing neutron energy-
angular spectra as shown by the red line. In these figures, the points denote the experimental
data measured by Verbinski et al in 1969 [31]. One can see that the calculated total energy-
angular spectra agree greatly well with the experimental data. Furthermore, in the frame of
STLN, the calculated total energy-angular spectra at other outgoing angles also agree well
with the experimental data [10].
IV. SUMMARY
Since the light nucleus reactions have very strong recoil motion, the particles emitted
from the residual nucleus have a very strong backward tendency, while the first emitted
particles have an obvious forward tendency. For analytically describing this recoil effects
and the energy-angular spectra of the sequentially emitted particles, a new integral formula,
which has not been compiled in any integral tables or mathematical softwares, has been
employed to obtain analytical Legendre expansion coefficients of the secondary emitted
particles. The partial energy-angular spectra of the secondary emitted particles between
the discrete energy levels of the residual nuclei are very important parts of the total energy-
angular spectra. In the calculations of neutron induced 1p-shell light nucleus reactions, the
total double-differential neutron cross sections agree fairly well with the measured data.
Taking p+9Be reaction at Ep=18 MeV as an example, one can see that the total double-
differential neutron cross sections also agree well with the measured data. We expect that
10
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FIG. 3. (Color online) The same as Fig. 2. But the black solid lines denote the partial spectra
of the emitted neutron from (p, pα)5He→(p, pα+nα) reaction. The contributions of these partial
neutron spectra come from the 4th-17th excited energy levels of the first residual nucleus 9Be to the
lowest two energy levels of the secondary residual nucleus 5He, which can spontaneously breakup
a neutron and an alpha. And the blue dash lines denote the partial spectra of the emitted neutron
from (p, 5He)5Li→(p, nα+pα) reaction. The contributions of these partial neutron spectra come
from the ground state and the 1st excited energy level of 5He, too.
this new integral formula will be extend to all of the 1p-shell light nucleus reactions induced
by nucleon (including neutron and proton) in the frame of STLN. So this integral formula
can largely reduce the volume of file-6 in nucleon induced nuclear reaction databases with
full energy balance. Therefore, this integral formula and STLN are being tested by proton
induced other light elements.
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